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ABSTRACT

On the basis of analysis of a particle attacked by hydrodynamic forces on
the bed of an open channel, and the use of a wide range of data obtained
from other sources, a relationship relating mean wvelocity and depth of flow to the
rock properties at incipient motion is presented. Comparison of this relationship

with six other methods illustrates its applicability.
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INTRODUCTION

Two approaches are often used to determine the suitability of riprap
material for erosion control on the bed or sides of open channel. The first
approach is based on the angle of repose of the rock material, .

The riprap is considered to move if the ratio of driving force to the
resisting force exceeds Tan @. The definition of anlge of repose, however,
has been a matter of discussion among investigators. White (25), Kalinske
(8), Lane (9), Lanc and Carlson (19), Brooks (3), Olivier (15) and others
defined the angle of repose as the angle on which particle is attacked by
hydrodynamic forces, but others such as Stevens er al. (21), and Ulrich (23)
defined it as the maximum side slope on which the rock can be stable.

Consequently a unique angle of repose cannot be used for all of these
methods. Ulrich (23) recently introduced the bearing angle instead of angle
of repose, but it has not been verified yet.

The second approach is to relate the incipient motion of riprap
mﬁlerial to such flow characteristics as shear stress or mean flow velocity.

The concept of critical shear stress introduced by Shields (19) has been
used in many probiems of alluvial channels including riprap design. In this
approach the value of the so called Shields parameter has an important
role. This parameter is a function of R., boundary Reynolds number. At
higher values of R. it has a constant value and has been found by Shields
to be about 0.06. Sequent studies, however, proposed other values ranging
from 0.022 (6) to 0.062 (1). More recently Maynord (1987) argued that the
Shields parameter varies with relative roughness. Simons and Senturk (20)
stated that determination of shear stress involves major difficulties and the
use of flow velocity is often accepted as the most important factor. Because

of importance of flow velocity, many empirical relationships have been
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proposed to relate the incipient motion of the particle to the mean flow
velocity. But because of the lack of accurate or wide range of data, a
general equation applicable to a wide range of relative roughnesses has not
yet been developed. It is the purpose of this paper to develop a general but
simple relationship for incipient motion of the bed material based on
theoretical considerations of the stability of a particle on the bed attacked
by hydrodynamic forces and verify this relationship with experimental data
obtained by other investigators. A comparative analysis of this method and

others will be presented at the end of this paper.
THEORETICAL CONSIDERATION

The process of rock movement on the bed of an open channel can be
analyzed on the basis of stability of a particle acted upon by hydrodynamic
forces. These forces, which cause instability of the particles, are lift, which
acts normal, and drag, which is in the flow direction."In many analyses the
lift force does not appear explicitly because it has been stated that the lift
depends on the same variables as drag. But studies of Einstein and
El- Samni (5), Urbonas (24) and others showed that the lift is very
important in entraining sediment especially when a particle is sheltered by
other particles. Drag force also is important because it causes particles to
move. Thus, the combination of lift and drag forces from moving fluid
causes the displacement of particles. Referring to Fig. 1 the driving force,

f4 , can be written as:
Fy = (F 2+ FD" = FLl1+ (FyFOI? 6]

Where Fp = The lift force and F;= drag force.
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Samad (17) used the existing data and developed the ratio of lift to
drag force (F /Fy) as a function of boundary Reynolds number (R.=u.D,V
where u.= shear velocity, and v= kinematic viscosity). According to this
study when Ra.is greater than 3000, the ratio of lift to drag is constant.
Thus, assuming a relatively large boundary Reynolds number, Eq (1) can be

written as:

Fﬁ- = C]FL (2)

Where C,= [1+(Fp/F,;)?1°= constant.

Fp or the lift force is due to differences in pressure on the top surface
and the bottom of a particle on the channel bed. This difference in
pressure is due to the velocity fluctuation in the vicinity of the particle.
The lift force to which the particle is subjected is not constant but
fluctuates with time because of the turbulent velocity field adjacent to the
particle (5,8).

The lift force is expressed as:

Fi= CL pA V,2/2 3)

Where Cis the lift coefficient which depends on Reynolds number but For
relative large R,, C_can be assumed a constant, A= projected area and V.=
flow velocity in the vicinity of the particle.

Einstein (4) in developing of his bed load equation proposed a value of
0.178 for C..

The projected area, A, can be written as a function of rock size in the
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form C,D,?, where C, depends on the particle shape. For sphere the value
for C, is n/4.

Substituting Eq.3 in Eq.2, the driving force can be written as;
Fg= C3pD,? V.2 )
in which Cy = C,C,.

Referring to Fig. 1, the resisting force which causes particle to be
stable on the bed of horizontal channel, is the combination of buoyancy
force, Fp, acting normal to the water surface and the weight of particle,

W, acting normal to the bottom, thus:
Fg = W-Fg=C,¥sDs™ C4ywDs’= C(Ys-Yw)Ds® (5)

Where ys and yw are the unit weight of particle and water, respectively,

and, C;= constant depends on the particle shape, for sphere Cg&= n/6.
‘Combining Eqs (4) and (5), the ratio of driving force to resisting force is:
R= Cs pV,”/ (Ys-Y)Ds = CsV,%/ g(Ss-1)Ds (6)

Where Cs= coefficient depends on boundary Reynolds number and the
Aarticle shape but for large R, and given particle it is constant and,
S; = specific weight of the bed material.

When R, the ratio of driving force to resisting force is greater than
one, the particles are in motion and when R is smaller than one the

particles are expected to be stable. For a given particle shape and
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Fig. 1. Definition of forces acting on a particle.

relatively large boundary Reynolds number, the incipient motion can be

expressed as:

V.-?'/ g(Ss’l )DS . C,t;. (7)

In which C4 is constant. Since the measurment of V, is difficult, it is
appropriate to relate V, to the mean flow velocity and relative roughness

by means of log-law velocity distribution. The general form of such
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relationship at hydraulically rough boundary surfaces is:
V= f(V,d/Dg) .. (8
in which d is the average flow depth. Combining Eq.8 with Eq.7 gives:
f (V¥/g(Ss-1)Dg, d/Dg) = 0 (9

The square root of V2/g(Sg-1)Dgwill be called "stability number" and is

shown as "SN". By this definition Eq. 9 can be written as:

SN

f (d/Dg) (10)
or,

SN = a (d/Dg" an

Eq. 11 is a general functional relationship relating the stability of a
pérlicle to the flow conditions at the point of incipient motion for a
particle on the bed of an open channel. To determine values of a and n,

experimental date from other sources were taken as follows:

1) CSU (1986)'s Data

The first series of data (data No. 1 through No. 35 in Table 1) are obtajned from
Abt et al. (1). This study was conducted at Colorado State University. The purpose of
this study was to provide the riprap design criteria for overtopping flows. Two flumes;
outdoor- (3.66 m or 12 ft wide) for simulating steep slopes greater than 10% and indoor
flume (244 m or 8 ft wide) for simulating flatter slopes were used. Five different sizes
of riprap material ranging from 224 cm (1in) to 1524 cm (6 in) were tested.
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Table 1. Data used in this study.

tate| A | P50 | Sa | = 4 Vo |ogo/t] S| Remarks

o, | we, [ g 1t | fpe
1) 12y [ {3} sl Ji6 {80 | ema | o] taey

1 Go 0,362 2,65 0.2 [0.20 [5.59 |1.71 | 1.31 | Fallure
2 F-o (0342 2.65| 0.2 |0.22 |£.82 [1.55 [1.56 | Fallure
3 | 90 |nb2s| 2.65( 0.2 (0,26 (6,53 [1.64 [ 1,40 | No Fallure
4 |13-0 Jo.517) 2,65( 0.2 [0.35 [5.92 (1,48 1,13 | No Fallure
5 |17-0 jo.183( 2.7z 0.2 |0.00 |D.4% [1.83 |1.08 | Failure
& 18-0 fo.183) 2.72| e.2 fo.if (3,49 (.86 | 1.10 | Failure
?
a

1-1 (0,183 [ 2.72( 0.02/0.57 |5.3% |0.32 (1,69 | ¥a Failure

2-1 (0,183 | 2.72( 0.02{0.84 17,32 [0.22 | 2,30 | Failure
9 3-1 (e B3| 2.72| o,02|0.B0 [&,77 (0,23 | 2,12 | Ho Fallure
ta G-1 0,183 2.72) 0.02|0.85 |6.87 0,22 (2,16 | No Fallure
11| 5-1 |0.183] 2,72 0.02|0.93 [7.08 [0.20 | 2.22 | Na Failure
12 | E-1 [0.183f 2.72| 0.02)1.00 [7.07 [0.18 [ 2.22 | Fallure
13 7-1 P.183| 2.72| 0.02|0.7% |6.12 [9.2% | 1.92 | Fallure
1% | B-1 p.ods| 2.72| 0.02|0.32 {2.51 |0.27 [ 1.B0 | No Fallure

15 | -1 fo.085| 2.72| o.02|a.b1 (4,08 |0.21 | 2.12 | Ko Feilure
16 1o-1 ©.0B5| 2.72] 0,02 0,47 [&.87 [ 0,18 | 2.28 | Failure
17 [11-1 fo.oBs; 2,72 0,02 0.30 |3.65 |0.28 [1.48 | Mo Failure
18 |1z-1 fr.085| 2.72| 0,02
19 [13-1 jo.eas| 2,92 0,02 No Failure
20 [tu-1 fo.oas| 2.92| o.02 Ne Failure
21 Jts-1 booss| z.72| o.02;0.62 [5.30 0,20 | 2.6 | Faiturs
22 |16-1 o8| 2.72| 0.02]0.38 |N.81 [0.25 | 2.0) |Ho Faliure
23 |t7-1 p.oas| z.72{ 0.0z 0.80 (8.7 [0.21 |2,18 | W Fallure
26 N1B-1 p.oas| z.72) o.02 0.82 |5.97 [o.20 [2.87 |Fallure
25 [19-1 p.oss| 2.72) o.o0/0. [3.07 [0.21 [ 1,80 |Fallure
26 [21-1 p.oBs| 2,72[ 0,00 0,80 |&.95 |0.11 |2.268  Fallure
27 |22-1 p.oBs| 2.72| o.01{0.86 5,02 [0.10 |2.32 |Fallure
28 [23-1 p.ots| 2,72( e.o1f6.94 |5.00 |0.09 |2.0% |Failure
29 [es-1 p.oss| 2.72) o.o1f1.00 |5.38 |0.09 |2.08 |Faiture
30 [=6-1 p.ods| 2.72[ e.qofe.08 |s.10 [1.06 |1.85 |Faiture

Ho Failure

It 27-1 [o.0es 2.65(0.10 Fallure

3z |28-1 (o.083| 2.65( 0,10 Fallure

33 |2%-1 [6.18][ 2.85( 0,10 Fallurs

W | 30-1 [0.183] 2.65) 0,10 Fallura
Sezofd merles of| data,

- Bl 0.0B) Z.60f 0,01 2.2 | Failure
w7 o.083| 2.68 0,009 2.3 |Failure
aw 2z |(o0.08)| 2.68( 0,003 2.4 | Fallure
L] 26 |0.083| 2.68| 0,007 2.4 (Fallure
29 36 |o.ce3| 2.68| 0,013 2.3 [ Failure
0 32 |o.083| 2.58( 0,008 2.3 | Failure
b1 | 1 |o.ce)3) 2.68| 0,005 2.2 | Incipisnt
bz | 19 |o.c83) 2.88)0.004) 2.4 | Fallure
43 | 4o (o.083( 2.48( 0,007 2.2 |Failure
ss | w4 |o.083( 2,680,008 7.5 |Failure
&5 | 78 (0,067 2.66f0.018) 2.2 lneipient
ug | o 167| 2.64|0.019) 2.2 |Inciplent
b7 | 7L |0.167| 2,640,008 2.2 (Failure
48 | 75 |0.167) 2.64|0.010| 2.8 [Failure
by | B8 |0.167( 2.64[0.019) 2.2 |Pallure
50 | 88 [0.167( 2.66(0.006[1.4 6.8 lo.12 (2.3 |Fallure
51| 9% (0,167 2.68|0.013)1.6 8.02 [0.09 | 2.7 |Fallure

52 |27 |0.083| 2.68|0,00302.3 [ 5.1 je.ou |26 | Inclplent
53 | 37 |e.o83| 2.68)0.002|0.65 | %.8 |e.13 |2.3 |Inciplent
su |85 |o.083| 2.68|0.008(2.33 | 5.1 |o.ob |2.8 [Imeipient
55 | 67 |o.167| 2.6n]o.01sl1.0 |64 fo.ar [2.2 [tneiplent
hird serifs ef data. fuynord(1978

% 0.026] 2.68|0.008]0.85 | 2.8 [0.0) |2.36
57 0.026] 2.68 |o.008]1.00 | 2.76(0.026/2.36
58 o026 2.68|0.06801,13 | 2.79|0.020]2.06

1 ft =03048 m
1 fps = 0.3048 m Sec™
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Table 1. Continued
Data| Run D50 5s s d v DSO/d SN Remarks
No. Nao, ft ft fps
(1) (2) (3 (4} {5} (6) (7} (8) | (9} {10}
59 0.026|2.68 |o,008[1.28 |2.83 |0.021] 2.39
60 :0,032|2,68 |0,008/0.51 |3,0 |o.04 2,28
61 0.032|2,68 |0.008/0.96 |2,95 | 0,033 2.24
62 0.032|2.68 |0.008|1.08 2,98 | 0,03 |2.26
63 0.,032(2,68 |0,008(1.19 (3,01 |0.027|2.29
an 0.037|2.68 |0.008|0.79 |3.1 |o.o47| 2.2
65 0.037)|2.68 |0,008|0.91 |3.18 |0.041) 2,25
66 0.03712.68 |0.008|1.0% [3.15 |0.036| 2.2
67 0.037(2.68 |0,008/1.17 |3.1 |o0.032| 2.2
68 0,026|2,68 |0,008|0.92 |2.8 |0.028) 2.36
69 0.026|2.68 |0,008/1.08 (2,8 |0.024 2,37
70 0,026|2.68 |p.008/1,22 [2.84 |0.021]|2.39
71 0.032|2.68 |0.008|0.86 i3.1 0.03 | 2,33
72 0.032[2.68 |0.008|1.01 |3.08 | 0.026) 2,34
73 0.032|2,68 |0.008{1,18 |2.98 | 0.022 2.26
1ft =0.3048 m

1 fps = 0.3048 m Sec™’
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For each run by the use of accurate instrumentation, the water surface
elevation and flow velocity through and over the riprap layer were

measured.

2) CSU (1985)’s Data
These series of data (No. 35 through No. 55 in Table 1) were obtained

from a study by Ruff er al. (16) which was conducted at Colorado State
University. The purpose of this study was to provide the design criteria of
rock riprap as a flood control. Here, the 8-ft flume (2.44 m wide) was
used. Two sizes, 2.54 cm (1 in.) and 5.08 cm (2 in.), of crushed limestone
with the same gradation were tested. For each run, the water surface

elevation and the velocity profile were recorded.

3) The Third Series of Data, Obtained from Maynord (12)
Three rock sizes ranged from 0.74 cm (0.026 ft) to 1.13 cm (0.037 ft)
were tested on trapezoidal cross section having bottom width of 152.4 ¢cm

(5ft) and various side slopes. In each experiment, a constant discharge was
used.

The tailwater was then lowered in small increments until failure of the
riprap material occurred. Failure was assumed to represent the point at
which the rock began to move. Three types of failure were reported: on the
channel bed only, channel bed and side slope, and channel side slope only.
In this study the data related to the first two types of failure will be used.

ANALYSIS OF DATA

The stability number and relative roughness for all data, described in
the previous section, were computed and plotted on log-log paper as shown
in Fig. 2. A conservative line plotted so that; a) it passes through most of

the point corresponding the initial movement of the rock, and b) the failure
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STABILTY NUMBER(SN)

100
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80
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Fig. 2.

RELAT IVE ROUGHNESS (Ds /)

Variation of stability number with relative roughness, experimental data and the proposed method.
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points to be located above this line. Consequently, this line represents the
criterion of incipient motion of the rock on the bed of an open channel.

Mathematically this line represents the following equations:

SN = 2.2 For Dsy/d <0.1 (12)

SN = 1.237 (d/Dsp)*® For Dsy/d >0.1 (13)

It was noted that the stability number is constant for small relative
roughness. For larger relative roughness, as was expected, the particle is
less stable as the ratio of Ds, to d increases.

To compare the new relationships with several of the more widely
recognized existing formulas, Fig. 3 was developed. The design methods
used for this comparison are those by Isbach (7), Straub (22), Neill(13),
Neill (14), Bogardi (2) and Maynord (12) [for complete review of these
studies see Shafai-Bajestan (18)]. Table 2 Shows the original form of
equations proposed by these investigators as well as the coefficients a and
n if these formulas are rewritten in the form of Eq (11).

The comparison shows a general agreement between the new
relationship and other studies. However, each of these methods is
applicable only for a limited range of relative roughness. For example,
when Dso/d > 0.3, almost all methods underestimate the required size of

riprap.
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STABILITY NUMBER(SN)

100
80 = ISBACH(1936) — —s—  NEILL (1968) — — —
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b.O [ -....I.ll..l.ll..-lll....:.ll.l.:lll..-
10 -
08 t+—
oL L LIl LIl | Lt _
002 004 006008 01 02 04 06 08 10 20

RELATIVE ROUGHNESS (Ps /d)
L

Fig. 3. Comparison of the proposed method with other existing methods.
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Table 2. Summary of existing formulas
Investigator Original form of equation a n
Isbach(1936 P50 0.5
cn = .
) | Veml-2128( =)Dy 1.7 0.0
Straub(1953) | v =8.45 ( Ps™ e (i)lfs 3‘5 1 1
c Ds 3 -49 /6
2
pv =
Neill(1967) | ——C o 5.5 (250,70%0
g(p,i-p)nso R 1.58 Q.10
ov?
Neill(1968) | __c___ _, o D50 )-1’3 161 |1
8(pg =PI, d . /¢
Ve d +0.40
Bogard1(1968) | —————— = 1,7 (70405
. J 1.70 o
(g(s,-1)a > Py 0] 00
M. d( Ve d -0.20
aynord (1987 - € = d -0.
) 3.33(57) 3.33 | 0.10

(g(s-1)ar’:> s
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SUMMARY AND CONCLUSION

This paper discusses the results of an investigation tc develop a
relationship for incipient motion of sediment particles on the bed of an
open channel. Such a relationship is useful in many practical problems such
as the design of stable channel, stabilizing the bed of an open channel or
protecting the embankment from overtoping flow.

On the basis of stability analysis of a particle on which hydrodynamic
forces act, a general relationship at the point of incipient motion was
developed. This relationship was checked using wide range of data obtained
from three sources. This relationship relates the mean flow velocity to the
particle properties at the threshold conditions,

Comparison of the proposed equations with six widely recognized
existing formulas illustrate the applicability of this method and shows that

those methods are applicable for limited range of relative roughnesses.
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Symbols used in this paper

projected area

= a dummy variables

median particle size
representative of riprap material size
flow depth

buoyancy force

drag force

driving force

life force

= resisting force

= acceleration of gravity

= a dummy variable

= ratio of driving force to resisting force
= specific gravity

= shear velocity

= average velocity

= bottom velocity

= force due to weight of particle
= mass density of water

= kinematic viscosity

unit weight of particle

unit weight of water

3.14

n



